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We investigate the conditions in which superconductivity may develop in ropes of carbon nanotubes. It is
shown that the interaction among a large number of metallic nanotubes favors the appearance of a metallic
phase in the ropes, intermediate between respective phases with spin-density-wave and superconducting cor-
relations. These arise in samples with about 100 metallic nanotubes or more, where the long-range Coulomb
interaction is very effectively reduced and it may be overcome by the attractive interaction from the exchange
of optical phonons within each nanotube. We estimate that the probability for the tunneling of Cooper pairs
between neighboring nanotubes is much higher than that for single electrons in a disordered rope. The effect of
pair hopping is therefore what establishes the intertube coherence, and the tunneling amplitude of the Cooper
pairs dictates the scale of the transition to the superconducting state.
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During recent years there has been growing evidence of
the existence of superconducting correlations in carbon
nanotubes. In the first place, the proximity effect has been
observed in ropes of nanotubes placed between supercon-
ducting contacts.1,2 Quite remarkably, it has been shown that
the nanotubes may support supercurrents below the critical
temperature of the contacts.1 Later on, there have been ex-
periments directed to probe the superconductivity inherent to
nanotubes.3 In some of the ropes, a transition has been ob-
served at a temperature below 1 K, with a drop of two orders
of magnitude in the resistance down to a value consistent
with the finite number of channels in the rope.
From a theoretical point of view, the electronic interac-
tions in the nanotubes have also been the subject of much
attention.4–7 The nanotubes may show metallic properties
depending on the helicity with which the graphene sheet is
wrapped to form the tubule. The experimental results8 have
agreed on that point with the theoretical predictions.9 Given
that the conduction takes place in a one-dimensional ~1D!
structure, it has been proposed that the nanotubes should be
ideal systems for the observation of the so-called Luttinger
liquid behavior.10–13 Actually, there have been measurements
providing evidence of the power-law dependence of the tun-
neling conductance,14,15 which is a signature of the men-
tioned behavior. These experiments seem therefore to probe
a regime in which the repulsive Coulomb interaction turns
out to be dominant in the nanotubes.
On the other hand, the interaction with the elastic modes
of the nanotube plays an important role in the development
of the superconducting correlations.16 The magnitude of the
supercurrents measured in Ref. 1 is in some instances up to
40 times larger than expected from the estimate within the
conventional proximity effect. It has been shown that the
temperature dependence of the supercurrents is characteristic
of the 1D behavior of the system. Moreover, their values can
be only explained by taking into account the attractive elec-
tronic interaction coming from the exchange of phonons, on
top of the repulsive Coulomb interaction.16
Recently, a microscopic model has been elaborated to ac-0163-1829/2003/67~1!/014528~12!/$20.00 67 0145count for the observation of superconductivity intrinsic to the
ropes of nanotubes.17 In these systems, the Coulomb interac-
tion can be significantly reduced depending on the number of
metallic nanotubes in the rope. One has to incorporate there-
fore the balance between the repulsive electron interaction
and the effective attractive interaction coming from phonon
exchange. It has been shown that, in the case of samples with
about 300 nanotubes, such as those displayed in Ref. 3, the
superconducting correlations prevail in the system. The in-
tertube coherence is established mainly through the tunneling
of Cooper pairs, which gives rise to the superconductivity in
the bulk under suitable conditions.17
One of the aims of the present paper is to unveil the
different phases that arise in the competition between the
repulsive Coulomb interaction and the attractive interaction
from phonon exchange in the ropes of nanotubes. For this
purpose we will map the phase diagram of these systems
taking the strength of the phonon couplings and the number
of metallic nanotubes as the relevant variables. We will show
that the region where superconductivity may develop opens
up for relatively large contents of metallic nanotubes. The
phase with spin-density-wave correlations characteristic of a
repulsive interaction is confined to the cases where there are
only a few nanotubes in the rope.
We assume in any event that the formation of spin or
charge order in the bulk is prevented by the fact that the
nanotubes have a random distribution of helicities in the
ropes. These do not have a crystalline structure from the
three-dimensional point of view, and the only possible long-
range order arises in the superconducting phase. We will see
that, between the phases with superconducting and spin-
density-wave correlations, there is a metallic phase with no
signal of instability in any direction. This is the phase most
likely to be found when measuring ropes with below ;100
metallic nanotubes.
We will also address the question of the maximum tran-
sition temperature that can be reached in the ropes. There
have been recent experimental measures in carbon nanotubes
of minimum diameter inserted in a zeolite matrix, from
which a critical temperature of about 15 K has been
inferred.18 The small radius and high curvature of these©2003 The American Physical Society28-1
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coupling. This would explain in turn the increase in the criti-
cal scale for superconductivity.
One has to bear in mind, however, that the correlations in
individual nanotubes provide an indirect measure of the su-
perconducting state. We will show that, in the three-
dimensional structure of the rope, the transition temperature
is dictated by the amplitude for the Cooper pairs to tunnel
between neighboring nanotubes. Even in samples with large
numbers of metallic nanotubes, the opening of the supercon-
ducting phase depends finally on the existence of intertube
coherence. The most efficient way to increase the transition
temperature may come actually from devising some mecha-
nism to enhance the tunneling rate of the Cooper pairs be-
tween the nanotubes.
The content of this paper is organized as follows. In Sec.
II we analyze the origin of the different interactions in the
individual nanotubes. Section III is devoted to the elabora-
tion of the model that takes into account the interaction
among the metallic nanotubes, ending up with the discussion
of the possible phases of a rope. In Sec. IV we incorporate
the effect of the tunneling of the Cooper pairs, performing
some estimates of the transition temperature under different
conditions. Finally, Sec. V is devoted to the discussion of
some of the assumptions under which our general analysis
applies.
II. ELECTRON INTERACTIONS
IN CARBON NANOTUBES
We begin by considering the band structure of the indi-
vidual metallic nanotubes. We work in detail the case of the
so-called armchair nanotubes, which have the structure de-
picted in Fig. 11 in Appendix A. The treatment of other types
of metallic nanotubes with nontrivial helicity bears great
similarities, since the low-energy properties of all of them
rely on the existence of gapless subbands crossing at a pair
of Fermi points. In Appendix A, it will be shown, in particu-
lar, how the symmetries of the electron-phonon couplings
extend to the general case of chiral carbon nanotubes.
Figure 1 represents, for instance, the spectrum of a
~10,10! armchair nanotube, which has a radius R’15a/p in
terms of the carbon-carbon distance a. We will concentrate
on the case of undoped nanotubes, in which the Fermi level
is at the crossing point of gapless subbands, labeled with the
FIG. 1. Different subbands of a ~10,10! armchair nanotube. The
energy E is measured in units of the hopping parameter t, and the
momentum k is in units of the inverse of the lattice spacing.01452indices 1 and 2 as shown in the figure. In the case of the
armchair nanotubes, these subbands correspond to the modes
with vanishing transverse momentum in the nanotube, which
are governed by the one-particle Hamiltonian19
H5tS 0 122cos~A3ka/2!122cos~A3ka/2! 0 D , ~1!
t being the hopping amplitude between neighboring sites.
The amplitudes of the modes behave differently in the
nanotube lattice, depending on whether they belong to one or
the other subband. In the case of the subband with bonding
character in an armchair nanotube, the amplitude is a smooth
function of the position, while the modes in the other sub-
band have an amplitude that alternates the sign between the
two sublattices of the honeycomb lattice. In general, we may
compose a spinor out of the relative electron amplitudes in
the two sublattices, such that the corresponding spinor ex-
pression is different for the two subbands that cross at a
given Fermi point. In the case of a metallic nanotube with
helicity, the respective spinors for the two linear branches
take the form
S 1
eif
D , S 1
2eif
D , ~2!
where the angle f vanishes for armchair nanotubes and
equals p/2 for zigzag nanotubes.19 These symmetry proper-
ties have important consequences regarding the form of the
electron-electron interactions as well as the coupling of the
electrons to the elastic modes of the lattice.
In what follows, we undertake the analysis of the low-
energy regime in which the physical properties are domi-
nated by the branches with approximate linear dispersion
near the Fermi level. For this purpose, we introduce an en-
ergy cutoff Ec below the energy of the bottom of the first
unoccupied subband, together with its counterpart 2Ec be-
low the Fermi level. The different branches are labeled by an
index r56 denoting the right- or left-moving character, and
by the Fermi point i56 to which they are attached, as
shown in Fig. 2. Correspondingly, we end up with a collec-
tion of electron fields Cris(x), to which one more index a
will be added later on to label the nanotube in the rope.
The electron interactions that we are going to consider
have, in general, the form
FIG. 2. Linear branches in the low-energy spectrum of a carbon
nanotube.8-2
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† ~p1k !Cs js~p !V~k !C tks8
†
3~q2k !Culs8~q !. ~3!
The processes between the different branches can be cata-
loged according to the notation of Ref. 5. They fall into 12
different classes with respective couplings denoted by gi
( j)
,
the indices taking the values i51, 2, 4 and j51, . . . ,4.
The lower label keeps track of the combination of Fermi
points of the respective fields, following the convention that
assigns i51 to backscattering processes, i52 to scattering
between currents at different Fermi points, and i54 to scat-
tering between currents at the same Fermi point. The upper
label follows the same rule, classifying the different combi-
nations of left movers and right movers, including the possi-
bility of having umklapp processes ( j53).
We analyze next the contributions to the different scatter-
ing processes from the interactions present in the nanotubes.
A. Electron-electron interactions
We deal with the situation in which the Coulomb interac-
tion is not screened by external gates. It is known that the
Coulomb potential remains long ranged in one spatial
dimension.20 In the case of the carbon nanotubes and for the
sake of making the projection on the longitudinal direction,
the interaction has to be averaged over two nanotube sections
placed at a given spatial separation.6 Taking the Fourier
transform with respect to that longitudinal distance, the Cou-
lomb potential gets an expression of the form21
VC~k !5~e2/2p!lnu~kc1k !/ku. ~4!
The large momentum kc , of the order of ;1/R , is the
memory that the one-dimensional interaction keeps of the
finite radius of the nanotubes.
The repulsive interaction is therefore enhanced at small
momentum transfer, as in the processes shown in Fig. 3.
However, processes such as those in Fig. 4, in which the
flavor r is changed by the interaction, are highly suppressed.
This is due to the fact that, as shown above, the scalar prod-
uct of the amplitudes for ingoing and outgoing electrons lo-
cated in different branches alternates the sign in the two sub-
FIG. 3. Small momentum-transfer processes that are enhanced
by the long-range Coulomb interaction.01452lattices of the nanotube. When the distance between the two
currents that interact is much larger than the nanotube radius,
the matrix element of the interaction averages to zero over
the section of the nanotube.
Thus, the long-range repulsive interaction reflects in an
enhancement of the interbranch and intrabranch couplings
g2
(2)
, g2
(4)
, g4
(2) and g4
(4)
. The flavor-changing processes as-
sociated with g2
(1)
, g2
(3)
, g4
(1)
, and g4
(3) survive in the form
of a residual short-range interaction. Its strength, however, is
corrected by a factor of the order of ;0.1a/R in comparison
to the nominal strength of the long-range Coulomb
interaction.6,7 This represents, in general, a relative reduction
by two orders of magnitude, for the nanotubes that are typi-
cally found in the ropes.
There remain the processes with momentum transfer of
the order of ;2kF . These processes probe the interaction at
short distances. It has been shown that the corresponding
couplings are also reduced by a factor of the order of
;0.1a/R relative to the strength e2/4p2 of the forward-
scattering processes.6,7
The couplings for large momentum transfer, as well as
g2
(1)
, g2
(3)
, g4
(1)
, and g4
(3)
, are marginally relevant in the
renormalization-group sense. This means that they have
greater strength as the theory is scaled to smaller energies,
but the rate of increase starts being quadratic in the same
couplings.5,6 Thus, one has to proceed to extremely low en-
ergies, many orders of magnitude below Ec , to have a sig-
nificant increase of the couplings with respect to their nomi-
nal values.6
B. Electron-phonon interactions
The electron-phonon interactions give rise to a retarded
interaction between the electrons, which may become attrac-
tive at frequencies below the typical energy of the phonons.
The potential for the effective interaction has the form
V~k ,v!52gp ,p8~k !gq ,q8~k !
vk
2v21vk
2 , ~5!
where vk is the phonon energy and the gp ,p8(k) are appro-
priate electron-phonon couplings described in Appendix A.
The form of the interaction is dictated by the latter, whose
FIG. 4. Flavor-changing processes with small contribution from
the Coulomb interaction.8-3
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the kind of phonons exchanged.
Acoustic phonons. In this case, vk is proportional to uku at
small momentum transfer. This means that, regarding the in-
terbranch and intrabranch processes, the range of energies in
which the effective interaction becomes attractive is greatly
reduced. This instance has been studied in detail in Ref. 22,
looking for the regime in which the retarded interaction may
drive the transition to a state with superconducting correla-
tions. Taking the parameters appropriate for the nanotubes, it
can be seen that the critical exponents estimated in this way
are very small. Therefore, the acoustic phonons at small mo-
mentum transfer do not play a role in the superconductivity
observed in the nanotubes.
Moving now to the processes with large momentum trans-
fer k;2kF , the phonon energy v2kF becomes of the order of
the Debye frequency vD . This provides then a significant
range in which the effective interaction becomes attractive.
The precise couplings to the acoustic phonons in the nano-
tubes can be found in Ref. 23. It has been shown there that
some restrictions arise in the exchange of phonons depend-
ing on the bonding or antibonding character of the subbands
involved. In the case of longitudinal acoustic phonons, the
processes cannot take one electron from a given subband to
the other. Moreover, the couplings have opposite signs when
the scattered electron is in one or the other subband. The
exchange of phonons leads then to the effective couplings
below the Debye frequency,
geff,1
(1) 52geff,1
(3) ,0. ~6!
In the case of the transverse acoustic phonons, the
phonon-exchange processes in which the electrons remain in
the same subband are forbidden. Processes associated with
g1
(2) and g1
(4) in which the electron shifts from one subband
to the other could play, in principle, a role, but there is a
kinematic factor that vanishes when the incoming and out-
going modes have opposite momenta. There are, therefore,
no more contributions from the acoustic phonons when the
system is precisely at half-filling.
Optical phonons. The Debye frequency is of the same
order as the energy of the acoustic phonons at 2kF , so that
we can expect the effective couplings to be comparable to
those in Eq. ~6!. The different symmetries of the modes with
bonding and antibonding character impose again restrictions
in the way the optical phonons can be exchanged, as shown
in Appendix A. In the case of the transverse optical phonons,
the electron modes have to remain within the same subband,
while the longitudinal phonons force the electron to shift
from one of the subbands to the other. The effective cou-
plings that we get have the following signs
geff,2
(1) 52geff,2
(3) ,0, ~7!
geff,2
(2) 52geff,2
(4) ,0, ~8!
geff,4
(1) 52geff,4
(3) ,0, ~9!
geff,4
(4) 52geff,4
(2) ,0. ~10!01452These relations between the couplings of the phonon-
mediated interactions are actually valid for any metallic
nanotube since, as shown in Appendix A, the symmetry
properties on which they are based can be extended to nano-
tubes with nontrivial helicity.
We finally remark that the Debye frequency of the
phonons in the nanotubes can be estimated to be between 0.1
and 0.2 eV. This is of the same order of magnitude as the
cutoff Ec , which marks the energy below which the nano-
tubes can be viewed as simple 1D systems. In that regime,
the effective interactions coming from the exchange of
phonons can be matched against the interactions of purely
electronic origin. We will adopt henceforth this procedure, as
long as the electronic properties in which we are going to be
interested refer to energies much lower than Ec .
III. ELECTRONIC INTERACTIONS IN ROPES
OF NANOTUBES
We turn now to the processes that take place between the
nanotubes in a rope. A property to be taken into account is
that the rope is made of a disordered mixture of nanotubes
with all kinds of diameters and helicities. Given their random
distribution, the lattices of neighboring nanotubes are not
aligned, in general. This so-called compositional disorder24
leads to electronic properties that differ from what could be
expected in a crystalline rope with perfect alignment of the
nanotube lattices. In that case, it has been shown that the
coupling between the tubes opens a pseudogap of about
0.1 eV in the density of states.25 In the disordered ropes,
however, there is, in general, a mismatch in the position of
the respective Fermi points of neighboring nanotubes, which
precludes the precise conservation of the longitudinal mo-
mentum in the tunneling processes. At the one-particle level,
the electronic states appear to be localized along the indi-
vidual nanotubes, and the intertube coherence is strongly
suppressed.24
The expression for the tunneling amplitude between nano-
tubes in the compositionally disordered ropes has been com-
puted in Ref. 24. In the case of nanotubes with the same
helicity and aligned lattices, the estimate for the tunneling
amplitude is tT;0.01 eV. This value implies, for instance,
the appearance of a pseudogap of the order of ;12tT in the
crystalline ropes, in agreement with the computations in Ref.
25. When there is a mismatch dk between the Fermi points
of neighboring nanotubes, it has been found that the ampli-
tude for electron hopping between them is suppressed by a
relative factor ;exp@2Ra0(dk)2/4# , where a0 is a parameter
of the order of ;0.5 Å. This reduction of the intertube cou-
pling has been observed in the measurements of the coupling
resistance between the tubes, which seems to be from two to
four orders of magnitude above the typical resistance of the
individual metallic nanotubes.26 These experimental results
are consistent with the average estimate of the above factor,
which, for a typical nanotube radius R57 Å, can be taken to
be of the order of ;0.005.
The presence of compositional disorder has also impor-
tant consequences regarding the kind of electronic instabili-
ties that may develop in the rope. Depending on the point of8-4
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2kF charge-density-wave and superconducting correlations,
or 2kF spin-density-wave correlations. It is clear, however,
that the absence of a three-dimensional crystalline structure
precludes the development of charge or spin order in the bulk
of the rope. The transition to a superconducting state is there-
fore favored when the correlations are strong enough to force
symmetry breaking in that direction.
The possibility of having a superconducting transition in
the rope of nanotubes arises from the balance of the effective
attractive interactions due to phonon exchange and the repul-
sive interactions of purely electronic character. At the dia-
grammatic level, for instance, the correlations with the
s-wave order parameter are driven by the couplings g2
(2)
,
g1
(1)
, g2
(1)
, and g1
(2)
, as shown in Appendix B.27 The ob-
struction to having superconducting correlations in the nano-
tubes comes, in principle, from the large contribution of the
Coulomb potential to the coupling g2
(2)
. In this respect, the
processes associated with g1
(1) and g2
(1) contribute to the en-
hancement of the superconducting correlations when they are
able to develop, but they play a secondary role in the deter-
mination of the phase diagram of the ropes.
It is therefore necessary to build a model that takes into
account the competition between attractive and repulsive in-
teractions in the interbranch and intrabranch processes g2
(2)
,
g2
(4)
, g4
(2)
, and g4
(4)
. This model can be solved by means of
bosonization techniques. With this method, one boson field is
introduced for each of the linear branches below Ec in each
metallic nanotube. At this point, we need to introduce a new
index a labeling the metallic nanotubes in the rope, so that
the fermion fields read now Cris
(a) (x). The correspondence
between each of these and the respective boson operator is
given by
:Cris
(a)†~x !Cris
(a) ~x !:5rris
(a) ~x !, ~11!
where the colons represent normal ordering and rris
(a) (x)
stands for the density operator associated with the given
branch.
Neglecting for the time being the tunneling between the
nanotubes, the Hamiltonian for the model, including a col-
lection a51, . . . , n of metallic nanotubes, takes the form
H05
1
2 vFE2kc
kc
dk (
aris
:rris
(a) ~k !rris
(a) ~2k !:
1
1
2E2kc
kc
dk (
aris
rris
(a) ~k ! (
bs js8
Vri ,s j
(ab)~k !rs js8
(b)
~2k !,
~12!
where kc is related to Ec through the Fermi velocity vF ,
kc5Ec /vF .
The interaction term in Eq. ~12! can be better organized
by introducing the charge-density operators
rrir
(a)~x !5
1
A2
@rri↑
(a)~x !1rri↓
(a)~x !# ~13!01452and their spin-density counterparts. We define further the lin-
ear combinations
r˜ 1r
(a)~x !5r11r
(a) ~x !1r22r
(a) ~x !, ~14!
r˜ 2r
(a)~x !5r12r
(a) ~x !1r21r
(a) ~x !. ~15!
Obviously, r˜ 1r
(a)(x) is made of the modes with bonding char-
acter, while r˜ 2r
(a)(x) contains those with antibonding charac-
ter.
We recall that, in the case of the attractive interaction
from the exchange of phonons, the sign of the coupling de-
pends on the bonding or antibonding character of the cur-
rents involved. Thus, a great simplification is achieved by
introducing the operators
r˜1r
(a) ~x !5
1
A2
@r˜ 1r
(a)~x !1r˜ 2r
(a)~x !# , ~16!
r˜2r
(a) ~x !5
1
A2
@r˜ 1r
(a)~x !2r˜ 2r
(a)~x !# . ~17!
The Coulomb interaction acts on the symmetric combina-
tions r˜1r
(a) (x), while the effective attractive interaction only
couples the antisymmetric combinations r˜2r
(a) (x). The Hamil-
tonian ~12! can be rewritten in the form
H05
1
2 vFE2kc
kc
dk (
aris
:rris
(a) ~k !rris
(a) ~2k !:
1
1
2E2kc
kc
dkS (
a
r˜1r
(a) ~k !
VC~k !
2p (b r
˜
1r
(b) ~2k !
1
g
2p (a r
˜
2r
(a) ~k !r˜2r
(a) ~2k ! D , ~18!
where we have defined
g5g2
(2)5g4
(4)52g2
(4)52g4
(2)
. ~19!
After the decoupling of the Coulomb and the effective
attractive interaction, we observe that the latter affects up to
a number n of the 4n density operators, while the Coulomb
interaction acts only on the channel of the total charge den-
sity. That is, the Hamiltonian ~18! can be completely diago-
nalized by changing variables to the symmetric combination
of the charge-density operators of all the metallic nanotubes.
This is a consequence of the long-range character of the Cou-
lomb interaction, which allows us to assume that, in the in-
terbranch and intrabranch processes, the different nanotubes
interact among themselves with the same strength.
A balance between the long-range repulsive interaction
and the effective attractive interaction is possible, as the
former turns out to be greatly reduced for large values of n.
The attraction from phonon exchange is otherwise an in-
tratube effect that does not depend on the number of nano-
tubes. It is then interesting to draw the phase diagram of the
ropes in terms of the number of metallic nanotubes and the8-5
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sufficiently large values of ugu, there must exist a phase
where the attractive interaction prevails, with the develop-
ment of superconducting correlations in the individual nano-
tubes. For low values of n and small ugu, the electronic prop-
erties have to be dictated by the Coulomb interaction, with
the appearance of the spin-density-wave correlations charac-
teristic of the Luttinger liquid behavior.
The different phases can be identified by looking at the
correlators of the model. The bosonization techniques allow
us to compute them by using the correspondence between the
fermion fields and the respective boson operators10,11
C61s
(a) ~x !5
1
Aac
exp@6iF61s
(a) ~x !# , ~20!
C72s
(a) ~x !5
1
Aac
exp@7iF72s
(a) ~x !# , ~21!
where ]xFris
(a) (x)52prris(a) (x) and ac is a short-distance cut-
off of the order of kc
21
.
We deal first with the propagator Dsc
(0)(x ,t) of the Cooper
pairs in the individual nanotubes. This term factorizes into
the different channels that appear after diagonalizing the
Hamiltonian,
Dsc
(0)~x ,t ![^C11↑
(a)† ~x ,t !C22↓
(a)† ~x ,t !C22↓
(a) ~0,0!C11↑
(a) ~0,0!&
5
1
ac
2 Csc~x ,t !)1
n
Nsc~x ,t ! )
1
3n21
F~x ,t !. ~22!
The first factor corresponds to the channel of the total charge
density of the metallic nanotubes, while Nsc stands for the
contribution of the antisymmetric combination of the charge
in the two subbands. The rest of the factors correspond to the
channels with no interaction.
The different factors in Eq. ~22! can be computed in terms
of the respective boson propagators, which leads to expres-
sions of the form
Xsc~x ,t !5expS 2 12nE0kcdk 1m~k !k @12cos~kx !cos~v˜ Fkt !# D .
~23!
In the case Xsc(x ,t)5Csc(x ,t), we have m(k)
51/A114nVC(k)/pvF and v˜ F(k)5vF /m(k). For Xsc(x ,t)
5Nsc(x ,t), we have the constant parameters m
51/A124ugu/pvF and v˜ F5vF /m .
The same technique can be applied to the computation of
the propagator Dsdw
(0) (x ,t) of the spin-density waves along the
nanotubes. The correlator is given by
Dsdw
(0) ~x ,t ![^C11↑
(a)† ~x ,t !C22↓
(a) ~x ,t !C22↓
(a)† ~0,0!C11↑
(a) ~0,0!&
5
1
ac
2 Csdw~x ,t !)1
n
Nsdw~x ,t ! )
1
3n21
F~x ,t !. ~24!
Each of the factors in Eq. ~24! has now the representation01452Xsdw~x ,t !5expS2 12nE0kcdk m~k !k @12cos~kx !cos~v˜ Fkt !# D .
~25!
with the same correspondence between the different m and
C, N and F as for the propagator of the Cooper pairs.
The correlators in the individual nanotubes cannot display
an instability for any finite value of the frequency.13 The way
to discern the tendency to form long-range order is to deter-
mine whether the correlations are enhanced at large distances
over the values in the absence of interaction. When this hap-
pens, the Fourier transform of the corresponding propagator
at zero temperature diverges at zero frequency and momen-
tum. At nonvanishing temperature, the propagators remain
finite but the intertube coupling may give rise to the break-
down of the symmetry if the correlations in the nanotubes
are sufficiently enhanced. We will address this question in
the following section. The computation of the propagators
~22! and ~24! can be extended to the case of temperature T
Þ0, just by inserting the factor 112/@exp(v˜Fuku/T)21# in the
integrand of expressions such as Eqs. ~23! and ~25!.10
At this point, we stick to the model at zero temperature
and map the regions with enhanced superconducting or spin-
density-wave correlations. The propagators ~22! and ~24! do
not show a perfect scaling behavior at large distances, due to
the momentum dependence of the Coulomb potential. We
may take, however, an effective value k0 of the momentum
in the infrared to approximate the behavior of each propaga-
tor by a power law with a constant exponent.
In the case of Dsc
(0)(x ,t), the decay at large distances takes
the form
Dsc
(0)~x ,0!;1/x22g, ~26!
where the anomalous scaling dimension is given by
g5
1
2 2
1
2m 1
1
2n 2
1
2nm~k0!
. ~27!
Similarly, Dsdw
(0) (x ,t) has a large-distance behavior
Dsdw
(0) ~x ,0!;1/x22d ~28!
with an anomalous exponent
d5
1
2 2
m
2 1
1
2n 2
m~k0!
2n . ~29!
We have represented in Fig. 5 the different phases that
arise by varying the number n of metallic nanotubes and the
strength ugu of the intratube attractive interaction. For the
Coulomb interaction, we have taken the values 2e2/p2vF
51.0 and k051023kc , which are appropriate for typical ex-
perimental samples.16 At sufficiently large values of n, a
phase with superconducting correlations opens up, character-
ized by positive values of the anomalous dimension g . This
phase is placed above the upper full line in the diagram.
Another phase with spin-density-wave correlations shows8-6
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corresponds to the points characterized by positive values of
d .
We observe also the existence of an intermediate region in
which neither g nor d are positive. This represents a phase
with intrinsic metallic properties, where no correlations are
enhanced and no order would develop, irrespective of the
value of the intertube coupling in the rope.28 In our model,
this phase arises from the balance between the Coulomb and
the effective attractive interaction. The former remains long
ranged, but the interaction among a large number of metallic
nanotubes is what favors the appearance of the metallic
phase, as a bridge to the development of the superconducting
correlations.
IV. SUPERCONDUCTING TRANSITION IN ROPES
OF NANOTUBES
In the preceding section we have neglected the effect of
tunneling between metallic nanotubes, relying on the small-
ness of the amplitude for that process. We have seen however
that, in the absence of intertube hopping, the model cannot
develop any instability at finite temperature. In this respect,
the upper full line in Fig. 5 has to be considered as a first
approximation to the boundary where the superconducting
phase opens up in real samples. The tunneling amplitude
between neighboring nanotubes in a rope is actually what
dictates the transition temperature to the superconducting
state, as we study in what follows.
As mentioned before, the single-particle hopping between
neighboring nanotubes is strongly suppressed in a disordered
rope. The tunneling amplitude between nanotubes with dif-
ferent helicities can be estimated to be of the order of
;0.531024 eV. Its smallness stems from the obstruction to
having precise momentum conservation in the hopping be-
tween the misaligned lattices of the nanotubes.24 In these
conditions, the tunneling of Cooper pairs turns out to be a
much more important effect.
The generation of the pair-hopping interaction comes, in
general, from the contribution of second-order processes in
FIG. 5. Phase diagram showing the regions where the supercon-
ducting ~SC! correlations and the spin-density-wave ~SDW! corre-
lations prevail, in terms of the strength ugu of the effective attractive
interaction and the number n of metallic nanotubes.01452the single-particle transverse hopping. This leads to a scaling
equation for the pair-hopping amplitude J of the form
dJ
dl 5DJ1c tT
2
, ~30!
where l is the logarithm of the energy scale and D is the
scaling dimension of the pair-hopping operator.29,30 Since the
Cooper pairs are formed at zero total momentum, they do not
find an obstacle in the tunneling processes from the misalign-
ment of the nanotube lattices. For this reason, one has to take
in the inhomogeneous term of Eq. ~30! the transverse hop-
ping parameter estimated from that of graphite, tT
;0.01 eV.24
As has been established in Ref. 29, the pair-hopping in-
teraction is relevant when the dominant interactions in the
individual 1D systems are attractive. In our case, the scaling
dimension D coincides with the anomalous dimension ~27!
computed for the propagation of the Cooper pairs, while the
coefficient in front of tT
2 in Eq. ~30! is c5g2d . This means
that the pair-hopping amplitude grows at low energy scales
in the region of the phase diagram where the superconduct-
ing correlations develop.
The model of the preceding section has to be corrected
then by adding to the Hamiltonian ~18! the term describing
the tunneling of the Cooper pairs,
H25 (
^a ,b&
~l2!abE
2kc
kc
dkE
2kc
kc
dpE
2kc
kc
dp8Cri↑
(a)†~k
1p !C2r2i↓
(a)† ~2p !C2s2 j↓
(b) ~2p8!Cs j↑
(b)~k1p8!,
~31!
where the sum runs over all pairs ^a ,b& of nearest-neighbor
metallic nanotubes. As any coupling for a four-fermion inter-
action, the pair-hopping couplings (l2)ab are dimensionless
in a naı¨ve power counting, and their order of magnitude is
given by the relation (l2)ab;ac2J .29
The probabilities of the single-particle hopping and the
pair hopping between nanotubes can be compared then by
measuring the respective amplitudes with respect to the en-
ergy cutoff Ec . We can take this quantity to be of the order
of ;0.1 eV, which is the scale below which the nanotubes in
a rope are seen as 1D objects. The scaling behavior of l2 is
represented, for instance, in Fig. 6, after expressing the so-
lution of Eq. ~30! in units of Ec
2
. On the other hand, the
single-particle hopping has a relative weight of the order of
;0.531023, when measured in units of Ec . The single-
particle hopping has its own scaling dimension but, starting
with such small values, its effects are not enhanced over
those of the pair hopping at the energy scales relevant for the
experiments.
We observe from Fig. 6 that the pair-hopping coupling l2
has a more pronounced increase for larger superconducting
correlations within the nanotubes. In any case, the values
remain in the weak-coupling regime down to the transition
temperatures measured in the experiments. A value of l57
corresponds approximately to an energy scale three orders of
magnitude below Ec . That scale translates into a temperature8-7
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consider the pair-hopping interaction as a correction on top
of the above 1D description of the rope, while making pos-
sible the discussion of the effects that rely on the coherence
in the transverse dimensions.
As long as l2 remains small, we may include the effects
of pair hopping by summing up multiple processes in which
a Cooper pair, propagating along a nanotube with the ampli-
tude ~22!, tunnels to a neighboring metallic nanotube. Let us
denote by la the position of nanotube a in the transverse
section of the rope. We will assume that the metallic nano-
tubes are dense in the collection of nanotubes of the rope.31
Then, we may write the propagator of the Cooper pairs be-
tween the metallic nanotube a and the metallic nanotube b as
a function D(la , lb ; x , t). This object is related to
Dsc
(0)(x ,t) through the self-consistent equation represented in
Fig. 7, in the approach that takes H2 as a perturbation to the
Hamiltonian ~18!. For the sake of simplifying the calcula-
tion, we will suppose that the positions la form a periodic
arrangement in the transverse section of the rope. Then we
can take the Fourier transform of these variables as well as of
the distance x along the nanotube. The equation for the
Fourier-transformed propagator D˜ (q;k ,vk) reads
D˜ ~q;k ,vk!5D˜ sc
(0)~k ,vk!1D˜ sc
(0)~k ,vk!l2~q !D˜ ~q;k ,vk!.
~32!
The measure of the condensation of Cooper pairs in the
rope is given by the propagator at zero frequency and mo-
mentum D˜ (0;0,0). This accounts for the propagation of a
Cooper pair from a metallic nanotube to the rest in the rope.
From Eq. ~32! we obtain the expression
FIG. 6. Scaling dependence of the pair-hopping coupling l2.
The solid ~dashed! lines give the behavior for a number n
5100 (40) of metallic nanotubes and different couplings
4ugu/pvF50.75 ~upper curves! and 0.5 ~lower curves!.
FIG. 7. Self-consistent diagrammatic equation for the propaga-
tor D of Cooper pairs along the rope.01452D˜ ~0;0,0!5
D˜ sc
(0)~0,0!
12l2~0 !D˜ sc
(0)~0,0!
. ~33!
According to the conventional interpretation, the transi-
tion to the superconducting state is given by the point at
which D˜ (0;0,0) develops a pole. This may happen only
when D˜ sc
(0)(0,0) becomes large enough at low temperatures.
In the superconducting region of the phase diagram, the cor-
relations grow large in the limit of vanishing temperature, as
shown in Fig. 8. The only limitation to the development of a
real divergence is placed by the finite length of the system, as
we discuss later on.
The parameter that plays the major role in setting the
values of the transition temperature is the weight l2(0) for
pair hopping at zero transverse momentum. One can look,
for instance, for the points of the phase diagram with transi-
tion temperature Tc51023Ec . This value corresponds to a
temperature of ’1 K for Ec50.1 eV. Taking the intermedi-
ate value l2(0)50.025, the points form the boundary repre-
sented by the dashed line in Fig. 5. The curve has the same
shape as the boundary of the superconducting phase deter-
mined from the expression ~27! of the anomalous dimension.
However, we see that the region with Tc.1023Ec above the
dashed line is sensibly smaller than that of the whole super-
conducting phase.
We have represented in Fig. 9 the contour lines for differ-
ent critical temperatures in the space of the pair-hopping pa-
rameter l2(0) and the number n of metallic nanotubes, fix-
ing the coupling of the attractive interaction at 4ugu/pvF
50.75. We observe that a slight change in the value of the
tunneling amplitude leads to a significant increase in the
transition temperature. Considering ropes with larger con-
tents of metallic nanotubes may also help to enhance Tc ,
although the figure shows that very high values of n have to
be reached to find a sensible variation.
Finally, we remark that the finite length of the nanotubes
imposes a limit on the strength of the correlations. The exis-
FIG. 8. Plot of the propagator D˜ sc
(0) at zero frequency and mo-
mentum vs T/Ec , for 2e2/(p2vF)51.0. The dashed line corre-
sponds to the case n51 and g50, and the solid lines to n5100
and the respective values ~from top to bottom! 4ugu/(pvF)
50.75, 0.5, 0.8-8
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therefore, the approximate power-law behavior of the corr-
elators. Thus, the divergence of the propagators at zero fre-
quency and momentum is cut off in practice at a temperature
scale that is between vF /L and one order of magnitude be-
low that value. This effect is illustrated in Fig. 10, which
displays the behavior of D˜ sc
(0)(0,0) for ropes with different
numbers of metallic nanotubes n540, 100, 400, 1000 and
finite length L51000/kc .
The constraint on the superconducting correlations due to
the finite-size scaling may have been observed in the experi-
ments reported in Ref. 3. It is shown there that the large drop
in the resistance is present in two samples with respective
lengths of 1.6 mm and 1 mm. The effect is absent in a third
sample which is 0.3 mm long. Assuming that the typical
transition temperature for these samples is around Tc
;0.5 K, the relative small length of the third sample would
explain the absence of superconductivity. The minimum tran-
sition temperature that could be supported in that case is of
the order of Tc;0.1vF /L;1024eV ;1 K. The same argu-
ment provides a definite check of the model elaborated in
FIG. 9. Contour lines for the critical temperature Tc depending
on the pair-hopping parameter l2(0) and the number n of metallic
nanotubes.
FIG. 10. Logarithmic plot of D˜ sc
(0) at zero frequency and mo-
mentum vs T/Ec , for 2e2/(p2vF)51.0 and 4ugu/(pvF)50.75.
From top to bottom, the curves correspond to different numbers of
metallic nanotubes n51000,400,100, and 40.01452this paper, since, according to it, a transition with critical
temperature Tc50.1 K, for instance, should not be present in
the samples below 1 mm. In general, it turns out that a
sample with length L cannot have a transition at temperatures
lower than 0.1vF /L , as is observed in the samples consid-
ered in Ref. 3.
V. DISCUSSION
In this paper we have shown that superconductivity is a
plausible effect in the ropes of nanotubes. The ropes with
greater number of metallic nanotubes have, in general, larger
superconducting correlations. We have seen that the long-
range Coulomb interaction is reduced very effectively in
ropes with 100 metallic nanotubes or more. On the other
hand, the coupling to the elastic modes within each nanotube
provides the attractive interaction leading to the electronic
pairing. We have shown that the low-momentum optical
phonons have suitable properties to balance the effect of the
repulsive Coulomb interaction.
We have dealt with a model providing an exact descrip-
tion of the competition between the Coulomb interaction and
the effective attractive interaction in interbranch and intra-
branch processes. Proceeding in this way, we have disre-
garded the effect of other processes coming from phonon
exchange. These contribute to the backscattering and um-
klapp couplings g1
(1)
, g1
(3)
, g2
(1)
, and g2
(3)
. Only the first and
the third kind of processes play a role in the development of
the superconducting correlations, as analyzed in Appendix B.
These couplings are marginally relevant in the
renormalization-group sense but, as we have already re-
marked in the paper, the effects derived from
renormalization-group scaling turn out to be very soft down
to the energies where we look for a superconducting transi-
tion.
The significance of the backscattering processes is found
in that they determine the symmetry of the order parameter
whenever the system becomes superconducting. According
to the analysis in Sec. II, both g1
(1) and g2
(1) correspond to an
effective attractive interaction. Then, from the inspection of
the different order parameters considered in Appendix B, we
conclude that singlet pairing is enhanced by the backscatter-
ing interactions. We observe also that the s-wave symmetry
with positive amplitude in all the branches is favored over
more exotic possibilities such as the d-wave symmetry of the
order parameter.
In our description of the mechanism of superconductivity,
we have taken into account the fact that the ropes are made
of nanotubes with a random distribution of helicities. This
prevents the development of any ordered charge or spin
structure from the coupling of the nanotubes. Moreover, this
kind of disorder implies a strong suppression of the intertube
single-particle tunneling. This picture of the compositionally
disordered ropes is supported by the experimental analysis of
the intertube coupling in ropes carried out in Ref. 26. There,
the coupling resistance between tubes has shown wide varia-
tions when measured in different samples, the values ranging
from 2 MV to 140 MV . It has been argued that this can be
only explained by assuming that transport in the transverse
directions of the ropes takes place by tunneling between me-8-9
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coupling resistance are consistent with relatively large tun-
neling distances, where the transport would still be possible
by intermediate hopping mostly through semiconducting
nanotubes.26
In the presence of superconducting correlations, the rel-
evant tunneling process is given then by the hopping of Coo-
per pairs between neighboring metallic nanotubes. The am-
plitude for that process is, in general, small, which explains
the relatively low transition temperatures measured experi-
mentally. In any event, there are arguments that make plau-
sible the robustness of the superconductivity of nanotube
ropes. On one hand, it is known that the lattice defects of the
individual nanotubes have an effect that is averaged over the
circumference of the tube, reducing their influence on the
conduction properties.32 On the other hand, the ropes may
have impurities intercalated in the space between the nano-
tubes, but the main interaction between these and the impu-
rity charges is of electrostatic character. In these conditions,
the effect of the impurities is to contribute with a forward-
scattering interaction in the nanotubes, which is known to
have no impact on the superconducting correlations.33
The main influence of the impurities in the ropes comes
then from the effect of doping the nanotubes. By a suitable
injection of charge carriers, the density of states at the Fermi
level may be increased, with a consequent enhancement of
the superconducting correlations in the nanotubes. Anyhow,
the effect of pair hopping has the most direct influence on the
transition to the superconducting state. In this respect, the
statistical effects related to the percolation of the Cooper
pairs by tunneling between metallic nanotubes should be
studied on more quantitative grounds to have an estimate of
the maximum transition temperature reachable in the ropes.
In this sense, good prospects should exist to increase the
transition temperatures, either by intercalation or modifica-
tion of the internal structure of the ropes.
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APPENDIX A: SELECTION RULES FOR THE
COUPLING TO OPTICAL PHONONS
The different symmetry of the modes in the two gapless
subbands leads to definite relations between the various
electron-phonon couplings. This can be observed in the re-
sults of Ref. 23, where the full expressions of the couplings
to the acoustic phonons in armchair nanotubes have been
obtained. In this appendix we exploit the mentioned symme-
try to get the corresponding relations in the case of the opti-
cal phonons and for any kind of metallic nanotubes.
The use of the tight-binding approximation is appropriate
for the carbon nanotubes34. The electron-phonon coupling
can be written in terms of the polarization vector es(k) de-
pending on site s and the amplitudes of the incoming and014528outgoing modes us
(p)(k) and u
s8
(p8)(k8) in the respective sub-
bands p and p8, taking the form
gp ,p8~k ,k8!5
1
~m vk2k8!
1/2 (
^s ,s8&
us
(p)*~k !us8
(p8)~k8!
3@es~k2k8!2es8~k2k8!#J~s ,s8!. ~A1!
In the above expression, the sum is restricted to nearest
neighbors of the atoms in the unit cell of the nanotube,
J(s ,s8) is the matrix element of the atomic potential con-
necting orbitals at s and s8, vk is the phonon frequency, and
m is the mass per unit length.
Let us consider first the case of optical phonons with lon-
gitudinal polarization in an armchair nanotube. The polariza-
tion vector depends only on the distance z measured along
the nanotube, but it has opposite amplitudes in the two sub-
lattices shown in Fig. 11 so that
es~k !5zˆ exp~ ikzs! for black points, ~A2!
es~k !52zˆ exp~ ikzs! for white points, ~A3!
zˆ being the unit vector in the axis direction. It is not difficult
to see that, if the modes belong to the same subband p5p8
of an armchair nanotube, the different terms in the sum of the
expression ~A1! cancel among themselves. Then, we have
that in the case of longitudinal optical phonons,
g1,1~k ,k8!5g2,2~k ,k8!50. ~A4!
When the incoming and outgoing electron modes are in dif-
ferent subbands, the electron-phonon coupling does not van-
ish. Using the fact that the amplitude of the modes with
antibonding character changes its sign under the exchange of
the two sublattices, we obtain the result
g1,2~k ,k8!52g2,1~k ,k8!. ~A5!
FIG. 11. Scheme of the unit cell of an armchair nanotube, rep-
resented between the vertical dashed lines. The arrows correspond
to the displacements for a longitudinal optical phonon.-10
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have a picture like that shown in Fig. 12. The polarization
vector is
es~k !5uˆ exp~ ikzs! for black points, ~A6!
es~k !52uˆ exp~ ikzs! for white points, ~A7!
uˆ being a unit vector tangential to the nanotube. When the
incoming and outgoing electron modes belong to the same
subband of an armchair nanotube, we have now
g1,1~k ,k8!52g2,2~k ,k8!. ~A8!
If the modes are in different subbands, the terms in the ex-
pression ~A1! cancel out in pairs and we have
g1,2~k ,k8!5g2,1~k ,k8!50. ~A9!
We observe that the situation is reversed with respect to
the case of the acoustic phonons, in which the relations ~A8!
and ~A9! apply to the longitudinal branch while Eqs. ~A4!
and ~A5! hold for the transverse branch.23
The above relations between electron-phonon couplings
are actually a special case of the symmetry properties that
apply, in general, to nanotubes with nontrivial helicity. As
FIG. 13. Contributions to the response functions for singlet and
triplet pairing, where the filled circles represent the different renor-
malized vertices.
FIG. 12. Same scheme as in Fig. 11, but representing the dis-
placements for a transverse optical phonon.014528discussed in Sec. II, the relative electron amplitudes in the
two sublattices of the nanotube can be combined into the
spinors quoted in Eq. ~2! for the two linear branches at a
given Fermi point. Then, just making use of the fact that the
sum in Eq. ~A1! runs over pairs of atoms that belong to
different sublattices, one can immediately conclude the gen-
eral result
g1,1~k ,k8!52g2,2~k ,k8!. ~A10!
A similar argument shows that, when the electron is scat-
tered from one of the subbands to the other, all the terms in
Eq. ~A1! differ by a minus sign, depending on whether the
transition is from subband 1 to subband 2 or vice versa.
Thus, we also have the general result
g1,2~k ,k8!52g2,1~k ,k8!. ~A11!
The relations ~A10! and ~A11! have been obtained with-
out making any particular assumption about the form of the
phonons involved. This is very convenient, since, in general,
the form of the phonon displacements in the nanotubes can-
not be reduced to simple longitudinal or transverse
polarizations.35,36 The symmetry expressed by Eqs. ~A10!
and ~A11! ensures the validity of the various relations be-
tween the phonon-mediated electron-electron interactions
discussed in Sec. II, including the cases of metallic nano-
tubes with a helical arrangement of carbon rings.
APPENDIX B: PAIRING SYMMETRY OF THE
SUPERCONDUCTING CORRELATIONS
There are several response functions that give a measure
of the superconducting correlations in the nanotubes, each of
them corresponding to a different symmetry of the pair wave
function. They have the general form
R~x ,t !5^O~x ,t !O †~0,0!&. ~B1!
In the case of singlet and triplet pairing, the operator O(x ,t)
corresponds, respectively, to the upper 2 sign and the lower
1 sign of the expression
O~x ,t !5C11↑C22↓7C11↓C22↑
1C21↑C12↓7C21↓C12↑ . ~B2!
FIG. 14. Contributions to the response function for d-wave pair-
ing, with the same representation as in Fig. 13.-11
J. GONZA´ LEZ PHYSICAL REVIEW B 67, 014528 ~2003!There are also more exotic possibilities like the d-wave sym-
metry of the Cooper pairs, corresponding to
O~x ,t !5C11↑C22↓2C11↓C22↑
2~C21↑C12↓2C21↓C12↑!. ~B3!
The symmetry of the superconducting correlations can be
obtained by using a diagrammatic analysis of the different
response functions. In the case of singlet and triplet pairing,
the contributions to the correlator have the structure depicted014528in Fig. 13, with respective upper and lower signs. Then, the
enhancement of the singlet pairing response function is
driven by the combination of renormalized couplings g2
(2)
1g1
(1)1g2
(1)1g1
(2)
, while in the case of triplet pairing the
combination is g2
(2)2g1
(1)1g2
(1)2g1
(2)
.
For the response function with d-wave symmetry of Coo-
per pairs, the structure of the contributions is represented in
Fig. 14. The enhancement is controlled now by the combi-
nation of couplings, g2
(2)1g1
(1)2g2
(1)2g1
(2)
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